An understanding of electron relaxation properties in plasmas is of importance in the application of magnetrons. An improved multi-term approximation of the Boltzmann equation is employed to study electron transport and relaxation properties in plasmas. Elastic, inelastic and nonconservative collisions between electrons and neutral particles are considered. The expressions for the transport coefficients are obtained using the expansion coefficients and the collision operator term. Numerical solutions of the matrix equations for the expansion coefficients are also investigated. Benchmark calculations of the Reid model are presented to demonstrate the accuracy of the improved multi-term approximation. It is shown that the twoterm approximation is generally not accurate enough and the magnetic fields can reduce the anisotropy of the velocity distribution function. The electron relaxation properties of Ar plasmas in magnetrons for various magnetic fields are studied. It is demonstrated that the energy parameters change more slowly than the momentum parameters.
Introduction
Magnetrons are widely used as sputtering sources for thin film deposition [1] [2] [3] . In a magnetron discharge, electrons are trapped close to the cathode by the magnetic field, which leads to a more efficient use of electrons for ionizing inert or reactive gas particles, resulting in enhanced sputtering of the target [4] [5] [6] . Since electrons are essential for controlling certain aspects of the plasmas, an understanding of their behavior, i.e. their transport and relaxation properties, is important in the design and optimization of magnetrons.
The theoretical analysis of electron transport in weakly ionized plasmas in the presence of electric and magnetic fields comes in three types: the hybrid model, particle-incell/Monte Carlo collision (PIC/MCC) and kinetic theory. Hybrid models treat fast electrons using MCC techniques and treat low-energy electrons using fluid models, which take advantage of the accuracy of MCC techniques and the computational efficiency of the fluid models [7, 8] . The fluid parts of the hybrid models are based on Maxwellian electron energy distribution and have limitations; moreover, it is necessary to provide accurate electron transport and reaction coefficients. PIC/MCC techniques are time consuming, and occasionally cannot distinguish between small statistical fluctuations and intrinsic physical phenomena [3, [9] [10] [11] [12] [13] [14] [15] [16] [17] . In the present work we deal exclusively with kinetic theory. In the 2000s this problem was addressed by the JCU group in a series of literature outlining the multi-term approximation of the Boltzmann equation and obtaining electron transport properties in magnetrons [18] [19] [20] . However, comparatively little attention has been paid to the experimental investigation of electron transport beyond the use of electric field probe arrays to study anomalous electron transport in high power impulse magnetron sputtering [21] [22] [23] .
The purpose of this paper is to investigate theoretically the basic parameters influencing electron relaxation in Ar magnetron plasmas. We begin this paper with a description of the improved multi-term approximation of the Boltzmann equation in section 2. In section 3, the benchmark calculations of the Reid model and electron relaxation of the magnetron plasmas are presented. We conclude this paper with a discussion in section 4.
Multi-term approximation of Boltzmann equation

Matrix equations
Electrons in neutral gases under the influence of spatially homogeneous electric and magnetic fields are described by the Boltzmann equations [18, 24] :
where f (r, c, t) is the electron velocity distribution function, r and c denote the position and velocity coordinates, q and m e denote the electron charge and mass, E is the electric field, B is the magnetic flux density, J is the collision operator, and f 0 is the velocity distribution function for neutral atoms or molecules, and is usually assumed to be Maxwellian. It is noted that collisions between the electrons and ions are neglected as plasmas are weakly ionized in magnetrons.
In order to obtain a unified hierarchy of coupled differential equations in the hydrodynamic and nonhydrodynamic regimes, we adjust the sequence of treatment of spatial dependence of the distribution function and representation of the speed dependence in term of Sonine polynomials, which are extended by the JCU group. In hydrodynamic and nonhydrodynamic regimes, the velocity distribution function can be represented in terms of Burnett polynomials [25, 26] 2 =m e /k B T b , and T b is an arbitrary temperature. For a given l we have m=−l, −l +1, K, l−1, l, while v and l take on the value 0, 1, 2, K, ∞.
In hydrodynamic regimes, the coefficients F(vlm; r; α, t) can be further decomposed in terms of the density gradient written in spherical tensor notation [27] 
G q
k is the spherical gradient operator. In hydrodynamic regimes, ∂ t n(r, t) can be expressed in this way, thanks to the equation of continuity [27] : where is given in section 2.2.
Collision operator
The conservative collision operator is a generalized form of Wang Chang et al [29, 30] :
where pre-collision and post-collision velocities are denoted by (c, c 0 ) and (cʹ, c 0 ʹ), where the subscript 0 refers to the neutral atoms or neutrals, c r is the relative velocity, σ C ( jk;c r , χ) is the differential cross section of the conservative collision, j and k denote the initial and new internal state of the molecule, χ is the scattering angle and Ω is the solid angle.
The attachment collision operator is [29] is the probability density function that divides the available momentum after ionization between the scattered and ejected electrons [29, 31] .
Substitution of the expansion (2) into (6)-(8) yields: and m 0 denotes the neutral particle mass. We note that the self-adaptive Gauss-Kronrod rule is more efficient than the Gauss-Laguerre rule in evaluating the collision integrals as shown by formula (12)-(16).
Transport coefficients
As the transport coefficients have many components, here we only give the components in the z (E) direction, and the other components can be derived similarly.
The bulk drift velocity in the z direction W Bz (t) is given by å a a n a The bulk diffusion coefficient in the z direction D Bzz (t) is given by å a a n a n Note that the corresponding flux drift velocity W Fz (t) and the flux diffusion coefficient D Fzz (t) can be derived by removing the collision operator term from (20) and (21), respectively.
The loss rate S
(t) is given by
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The electron mean energy ε(t) and gradient energy parameter γ(t) are defined by Substitution of (2) and (3) into (25) yields the electron mean energy ε(t) The gradient energy parameter in the z direction γ z (t) is given by The temperature tensor is defined by The electron energy flux in the z direction q z (t) is given by 
Numerical considerations
The numerical solution of matrix equation (5) , v is incremented until the convergence tolerance of each transport coefficient is smaller than 5%, and l is incremented until the convergence tolerance of each transport coefficient is smaller than 1%.
Results and discussion
Benchmark calculations
In order to test the efficiency of the improved multi-term approximation to obtain electron transport coefficients under the influence of electricity and magnetism crossed at an arbitrary angle, the Reid model is considered. The details of the Reid model are as follows [32] : m 0 =4 amu, T 0 =0,
The electromagnetic field and velocity space coordinate systems are shown in figure 1 , E/n 0 =12 Td, with the reduced magnetic flux density B/n 0 =0, 500 Hx (1 Hx= 10 −27 Tm 3 ) and the electric and magnetic field crossed at angle ψ=π/2. The electron transport coefficients for the Reid model at E/n 0 =12 Td and B/n 0 =0, 500 Hx are shown in tables 1 and 2, respectively. The results in table 1 are compared with those of Ness et al (Ness) taken from [29] , and the results in table 2 are compared with those of White et al (White) taken from [33] .
It is observed in table 1 that four-figure convergence for all transport coefficients is achieved for l max =7, indicating that the distribution function is anisotropic in the velocity space. In the absence of nonconservative collisions, W Bz =W Fz and D Bzz =D Fzz , which agree with the results of Ness et al [29] . As is well known, the bulk transport coefficients have two components: one is due to the external electric fields, which are generally defined as the flux transport coefficients, and the other is due to the presence of nonconservative collision processes. It is found that our results have errors of less than 0.1% when compared with the results of Ness et al, and the calculation of the interaction integrals based on different rules may have resulted in the little discrepancy.
From table 2 we observe that the bulk transport coefficients are also equivalent to the flux components in the presence of electric and magnetic fields when only conservative collisions are taken into account. When compared with the results of White et al, the bulk drift velocity W Bz and W Bx , and the diffusion coefficient D Bzz have errors less than 0.1%, while the electron mean energy ε has errors on the order of 0.3%. Four-figure convergence for all transport coefficients is achieved for l max =2, indicating that the magnetic fields can reduce the anisotropy of the velocity distribution function.
Electron relaxation in magnetrons
To investigate electron transport under the influence of the electric and magnetic fields crossed at arbitrary angles, Ar plasmas in high-power impulse magnetron sputtering devices are considered. The details of the Ar plasmas are given by: p 0 =0.53 Pa, T 0 =293 K, E/n 0 =100 Td and B/n 0 = 200-20 000 Hx. We only consider four energy levels near 11.5 eV for the electronic excited states of (11.83 eV) . The excitation energy of these four states is assumed to be 11.5 eV, and the total excitation cross sections at 11.5 eV are assumed to be the summation of the cross sections of these four states. The elastic and ionization cross sections are derived from [34] . All cross sections are shown in figure 2 ; note that all cross sections are integral.
The temporal relaxation of transport coefficients for various magnetic fields is shown in figure 3 . Because scaling with respect to different gas densities is very useful for the study of plasmas-i.e. it allows a direct comparison between experiments involving different gas pressures-we employ W Bi , ε, T ii , q i , n 0 t, n 0 D ii , n 0 γ ii and S (0) /n 0 ≡k ion as plasma characteristics, which are generally regarded as invariant.
In figure 3(a) we show the temporal relaxation of W Bx as a function of dimensionless time n 0 t for B/n 0 =200, 500 and 1000 Hx. The oscillation amplitude increases with the increases of magnetic field. The starting time of the oscillation shifts to an earlier time, while the time required to achieve the steady states lags with the increase of the magnetic field. W Bx in the steady states are −1.215×10 4 , −3.187×10 4 and −4.318×10 4 m s −1 for B/n 0 =200, 500 and 1000 Hx, respectively. Note that after the damped period decay there is monotonic decay, which disagrees with White et al [20] . The reason for this disagreement lies in the large difference in the collision cross sections.
In figure 3(b) we show the temporal relaxation of W Bz as a function of the dimensionless time n 0 t for B/n 0 =200, 500 and 1000 Hx. W Bz is −6.023×10 4 m s −1 with no magnetic field. The same trends as figure 3(a) can be observed. The relaxation profile is damped oscillatory, and after the damped periodic oscillation, the profile is monotonic. The period of 
